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Abstract 

We review an algebraic method of finding the composite p-brane solutions 
for a generic Lagrangian, in arbitrary spacetime dimension, describing an inter¬ 
action of a graviton, a dilaton and one or two antisymmetric tensors. We set 
the Fock-De Bonder harmonic gauge for the metric and the ” no-force” condition 
for the matter fields. Then equations for the antisymmetric field are reduced to 
the Laplace equation and the equation of motion for the dilaton and the Ein¬ 
stein equations for the metric are reduced to an algebraic equation. Solutions 
composed of n constituent p-branes with n independent harmonic functions are 
given. The form of the solutions demonstrates the harmonic functions superpo¬ 
sition rule in diverse dimensions. Relations with known solutions in B = 10 and 
B = 11 dimensions are discussed. 
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1 Introduction 


Recent remarkable developments in snperstring theory led to the discovery that the hve 
known snperstring theories in ten dimensions are related by duality transformations and 
to the conjecture that M-theory underlying the snperstring theories and 11 dimensional 
supergravity exists 1-i- Duality requires the presence of extremal black holes in the 
snperstring spectra. A derivation of the Bekenstein-Hawking formula for the entropy 
of certain extreme black holes was given by using the D-brane approach 

In all these developments the study of p-brane solutions of the supergravity equa¬ 
tions play an important role To clarify the general picture of p-brane solutions 

it seems useful to have solutions in arbitrary spacetime dimension. 

In this talk results obtained in our recent works |^, ^ will be presented. We use 
a systematic algebraic method of hnding p-brane solutions in diverse dimensions. We 
start from an ansatz for a metric on a product manifold and use the Fock-De Bonder 
harmonic gauge. It leads to a simple form for the Ricci tensor. Then we consider an 
ansatz for the matter helds and use the ” no-force” condition. This leads to a simple 
form of the stress-energy tensor and moreover the equation for the antisymmetric helds 
are reduced to the Laplace equation. The Einstein equations for the metric and the 
equation of motion for the dilaton under these conditions are reduced thence to an 
algebraic equation for the parameters in the Lagrangian. 


2 Ricci tensor in the Fock—De Bonder gauge 

Let us be given a D-dimensional manifold of the product form x x 

X ... X M”" X We will use the following ansatz for a metric on M^\ 

n 

ds^ = e^^rj^ydy^dy’^ + + e^^{dx^Y ( 1 ) 

i=\ 

Here is a Minkowski metric, p, i/ = 0,..., g — 1; m* = 1,..., r*; 7 = 1,..., s - 1 - 2, 

n 

g + X! D + S + 2 = D (2) 

i=l 

and the functions A, Fi and B depend only on x. The metric (0) is the sum of n 4 - 2 
blocks. We shall call it the n + 2-block p-brane metric. 

The Ricci tensor for the above metric reads 

Rfiv = + q{dAY+ 

N 

J2ri{dAdFi)] + s{dAdB)], 

i=l 

Rm^n, = + q{dAdF,) + 
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N 


J2r^{dFjdF,)]+s{dF,dB)], 


i=i 


N 


Rap = -qdcdpA - J2 ridadpFi - sdadpB- 
i=l 

-qdaAdpA - '^rido,FidpFi+ 
i 

sdaBdpB + q{daAdfjB + daBdpA) + 

Y,n{do^BdpFi + d^FidpB)- 

i 

N 

6ap[Ai.B + q{dAdB) + '^ri{dBdFi)] + s{dBY] 

i=l 

We shall use the Fock-De Donder gauge 

dMiV^g^^) = 0 

For the metric (|lD this leads to the following important condition 

qA + Y^ ViFi + sB = 0 

Then the Ricci tensor for the above metric takes the simple form 

Rixv = A A, 

R = -6 


Rap = -qdaAdpA - Y ridaFidpFi + 

i 

sdaBdpB — 6 apAB 

We shall consider the Einstein equations in the form 

Rmn =Gmn 


Qmn—Tmn— 


D-2 


QmnT 


(3) 

(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 
(9) 
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3 n + 2-block solution 

In this section we shall consider the following action 


/ = / d^xy/^{R 


(V 0 )^ 


^-arp 


2(d+ 1)! 




( 10 ) 


It describes the interaction of the gravitation held qmn with the dilaton 0 and with 
one antisymmetric held: F^+i is a closed d + 1-diherential form. The stress energy 
tensor for the action (|T 0 |) is 

TmN = -{dM^’dNfp — -gMN{d4>)'^) + 


^-acp 

~w. 


( p 9MN p2\ (' 11 ') 

- 2(^d+ 1)'^ 

In this section we shall consider an electric ansatz for the action 0 ) which leads 
to a n + 2-block metric. Let us take the ansatz (|I]) with r, = r > 1. Then (|^) takes 
the form 

D = q + nr + s + 2 (12) 

We use the following ansatz for the d-form A 


A = uJq f\ [uj\hie^^ + ... + 


(13) 


where d = q + r, 


uq = dy^ A dy^ A ... A dy^ ^ 
ojI = dzl A ... A dzl^ 


Ci are functions of x and hi are some constants. More general ansatz has been consid¬ 
ered in PT| , PU |. For the stress-energy tensor we get 

2=1 




Tap = ^[dadycj) - ^da/3(50) V 


i=l 
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We set the following (”no-force”) condition 


a4> — 2qA — 2rFi — 2Ci = 0, i = 1, ■■■n 


(14) 


Then the form of Tmn simplihes drastically and the Einstein equations take the 
form 


AFt = thUdCi)^ -J2'‘hUSC,)\ 




-qdcAd^A - ridcFidqFi 


(15) 

(16) 


where 


-sd^BdfjB - 5apAB = -d^ 


n 1 

i=i ^ 


D — 2 — q — r q + r 

t = ---T-, U = 


2{D-2) ’ 2{D-2)' 

The equation of motion for the antisymmetric held, 


(17) 

(18) 

(19) 


a«(y=5f’""-"'') = 0, 

under conditions (|) and (|^) for the ansatz (P!B| ) reduces to the Laplace equation 

dada{e~^^) = 0 or AQ = {dCi)'^. ( 20 ) 


Equation of motion for the dilaton reads 


i 

(21) 

or by using (BO) 

A(0-fE^7C7.) = O 

i 

(22) 

We take the following solution of (^) 


i 

(23) 

Analogously we take the following solutions of (15) and (|T^) 


A = tY^h^Q, 

(24) 


i 
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(25) 


F. = th‘Ci 


uY.hpi 

jpi 


To cancel out the terms proportional to Sa /3 in (|^) we set 

B=-uY.hpi 


(26) 


Note that if we want to solve equations for arbitrary harmonic functions Hi = exp(—Cj) 
we have also to assume the conditions which follow from (^) and nondiagonal part 
of (0). Equations (|^ lead to the relations 




[— + (g + r)t]h‘lCi+ 


[^ + - ™] h]Cj = Ci, i = 1, ...n. 

jpi 

If n 7 ^ 1 then under the assumption of independence of Q the relations 

>,2 


(27) 


yield 


a 


= ru — qt, 


(28) 


the condition 


[^ + {q + r)t]h^i = 1. 

If n = 1 we get only (^). Since t and u are given by 
the following equation 

{^ + q){D-2) = d^ 

Equation (^) plays the central role in our approach. For given parameters D, d and a 
in the Lagrangian (pTf) we have to hnd a positive integer q which solves equation (^). 
In this sense we can interpret equation (pOD as ’’quantization” of the parameter a in 
the Lagrangian (see also [ 


(29) 
leads to 

(30) 


24 


Note that under this condition the formula (p!8[) takes the form 


u = 


t = 


2r — 


2q + CK^ 

4(g + r) ’ 4(g + r) 


(31) 


The LHS of (p^ ) for t and u given by formulae (^) can be represented as rh^/2, 
and , therefore, equation (|^) gives 


hi = 

r 


(32) 


By straitforward calculations one can check that for a, g, r and D satisfying relation 
and h given by (|3^ , equations (^ as well as equations giving a compensation of 
terms daCjO^Ci in the both sides of equation (pTf) are fulhlled. 
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This calculation shows that the metric 


ds^ = 


[{H^H2...Hr,)--rTi^.dy^dy'^ + Y.H, '{dz'^^f + {dx^)% 
and matter fields in the form 


i=l 


( 33 ) 


exp.). = 


(34) 


A — \ -(jJij A [ijJiHj + ... + ] 


(35) 


is a solution of the theory ([lOD if Hi{x), i = are harmonic functions and the 

parameters in the Lagrangian D, d and a are such that equations (|^ and (^), i.e. 


d = q + r, D = q + nr + s + 2, 


,a 


:- + q)(D-2) = d^ 


(36) 


admit solutions with positive integers q, n, r and s + 2. 

Let us note that the formula (|33D proves the harmonic superpositon rule for the 
ansatz ([I^ . Indeed, u and r can be written as 


d 


u = 


r = d{l 


d I 

D-2’ ^ T 


2(L) -2)’ 

One can easily see that the exponents in the formula are defined by the two-block 
solution (|1l4|) 

= H~[H~~rjjxc,dy^dy'' -|- dx'^dx^] 

/i, h = 1, ...d — 1, 7 = 1, ■■■D — d. Therefore, having the simplest two-block solution 

one can produce n-block solution. Let us note that this prescription works only for the 
case when the characteristic equation (l30|) is satisfied. The harmonic function rule was 
formulated in ([j^). for the case H = 10, D = 11. The formula (^) demonstrates 
that the harmonic superposition rule holds for arbitrary dimension. 


3.1 Examples 

3 . 1.1 a = 0 

Note that equations (|36D are very restrictive since it has to be solved for integers q, d, r 
and D. Let us present some examples. 

For dimensions D = 4,5, 6, 7, 8 and 9 there are solutions only with r = 0 and we 
have 2-block solutions with s = 0. In these cases, either the spacetime is asymptotically 
X Y, where y is a two-dimensional conical space, or the metric exhibits logarithmic 
behaviour as |a:| —>• cx) HI- 
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We get more interesting structures m D = Q case. There are four types of solutions 
of (^) with a = 0: 

i) q = 1, r = l,n = 2, s = 1, 

a) q = 1, r = l,n = 3, s = 0, 

in) q = I, r = l,n = 4, s = —1, 

iv) q = 1, r = l,n = 5, s = —2. 

Here we have to assume that different branches with r = 1 correspond to different gauge 
held = hdy^AdziH~^6 ii , / = 1, ...n (othewise we cannot guarantee the diagonal 
form of the stress-energy tensor). The solution iv) is identihed with the Minkowski 
vacuum of the theory. The solution iii) separates the 6-dimensional space-time into 
two asymptotic regions like a domain wall [^]. The metric for the solution with s = 0 
has a logarithmic behaviour, H = Y.a^'^{.Qal\x — Xa\‘^)- 
For s = 1 we have 

ds^ = {H^H^)[-{H^H2)-^dyl+ 

H^‘^dzl + H^'^dzl + (dxj)^], i = 1, 2, 3 (37) 

= \/2dyo A dziH^^, = V2dyo A dz2H2^ (38) 


*1 n(i) 

a=l \X 


h 




■; i^2 = i + E 




( 2 ) 


, (2) I 

b=i \x-xy\ 


(39) 




= (E 


X, 


Xn 


|2U/2 


i=l 


li li = I 2 = I and = x^'^ = Xa the metric (|T?|) has horizons at the points Xa- The 
area (per unit of length in all p-brane directions) of the horizons x = is 


^4 = 4>ri:(2«(3f 


(40) 


a=l 


This confirms an observation |]^, ^ that extremal black holes have non vanishing 
event horizon in the presence of two or more charges (electric or magnetic). There are 
more solutions for several scalar helds [^, 

For 77 = 10 we have two solutions with s = 0. 

i) g = 8, r = 0, s = 0, n = 1; 

ii) q = 2, r = 2, s = 0, n = 3. 

There is also solution with q = 2, r = 2, s = 2, n = 2, 


ds^ = {H,H2)^/^[{H,H2)-\-dy^o + dyl + Kdu^) 
-\~ Hi (^dzi < 7 .^ 2 ) -|- H2 {dz^i -\~ dz^) {dxi) ], 


77i = l + E 




b H2 = 1 + Y. 


Q? 

X — XfoP ’ 


( 41 ) 








Qa 


^ = E 

a 




The area of this horizon is 


u = Vo+ y 


= (42) 

a 

where c^s = 27r^ is the area of the unit 3-dimension sphere. In this case the different 
components of the same gauge field act as fields corresponding to different charges. 

For D = 11 we have the following solution with s > 0. 
i) q = 1, r = 2, s = 2, n = 3, 

ds^ = + H^\dzl+ 

dzl) + H 2 ^{dz^ + dzl) + H^^{dzl + dz^) + dxf\, (43) 

n(c) 

gc^l + E i |2 i c=l,2,3. 

a \‘^ ^cl\ 

For H 3 = 1 this solution reproduces a solution found in [^]. We get non-zero area of 
the horizons x = Xa 

(44) 

a 

a) q = 4:, r = 2 , s = 1 , n = 2 , 

ds^ = iH,H 2 Y/^[{H,H 2 )-\-dyl + dyf + dyl + dyl) + 

3 

H^^{dzl + dzl) + H2^{dzl + dzl) + E 

i=l 

where Hi and H 2 are given by (pQ]). This solution has been recently found in 
area of the horizon Xa = Xb is equal to zero. 

3.1.2 a^O 

Let us present some examples of solution of equation (|3(]|). For H = 10 we have 
q = I, r = 3, a = ±a/2, s = 1, n = 2 and the corresponding metric has the form 

ds^ = {HiH2)^/^[-HiH2)-^/^dyl + H^^^[dz\ + dzl + dzl) + 

3 

H2‘^^^{dzl + dzl + dzl) + E d^l], (46) 

i=l 

where Hi and H 2 are given by (|3^). This solution corresponds to IIA supergravity. 
The area of the horizon x = Xa = Xb is equal to zero. 


n]. The 
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4 Three block solution 

Let us consider the following action with two gauge helds 


/ = J d‘’x^(R - -{V4,f - 


a(j)p2 _ 


2(<,+ l)! 2(<i+l)! 




( 47 ) 


Here Fg+i is a closed q + 1-differential form and Gd+i is a closed d -|- 1-differential form. 
There is the following solution ^5 


ds2 = 


(48) 


where is a flat Minkowski metric, /i, z/ = 0,...,g — 1; m, n = l,2,...,(i — q, and 
y = 1,D — d. For dehnitness we assume that D > d > q. 

The parameters a* and 6 * in the solution (^ 8 |) are rational functions of the parameters 
in the action (|T7|) : 

2q , q 


Oi = 


bi = 


q 


:ai, 


02 = 


a‘^{D — 2) + 2qq' 

aHD-2) ^ 

a‘d(D-2) + 2dq^’ ^ d 


d 


(49) 

(50) 


where 

The solution ( 
action is satished 


d = D — d — 2, q = D — q — 2. (51) 

is valid only if the following relation between parameters in the 

2qd 


a/d = 


D-2 


(52) 


There are two arbitrary harmonic functions Hi and H 2 of variables x'^ in (|48|) , 

A/fi = 0, AH's = 0. (53) 


Non-vanishing components of the differential form are given by 

A — u. u-i p _ y A 

Bp.„p = kep.,.pH-\ G = dB,. 

Here / = 0, ...d — 1, 6123 ..,g = 1, 6123 ...d = 1 and h and k are given by the formulae 

.2 m - 2 ) 

a^(D - 2 ) + 2qq' 


(54) 

(55) 


(56) 
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The dilaton field is 


2a‘^{D-2f 

~ J[a2d(T) - 2) -f 2g2j] ’ 

(57) 

-/3k^\nF[2 — -ah^ \n Hi. 

(58) 


We have obtained the solution (^) by reducing the Einstein equations to the 


system of algebraic equations. To this end we have assumed the ” no-force” condition, 
that is an analog of relations (|^. This condition gives a linear dependence between 


functions in the Ansatz (M), (55). To satisfy a nonlinear relation that follows from the 
Einstein equations we have to assume the relation (p^). 

4.1 Dual Action 

Let us consider the following ’’dual” action 


/ = J d°x^(R - -{Vd>Y- 






(59) 


_ p2 __ ^2 \ 

2 (g+l)! 2(s + l)! 

where Gs+i is a closed s + 1-differential form. If s is related to d by 

s = D — d — 2, i.e. s = d (60) 

and 

/3 = -/? (61) 

then the solution for the metric (^8]) with the differential form F ([5^) and the dilaton 
([^) is valid also for the action (l59|). An expression for the antisymmetric field G will 
be different, namely 








here = 1 and 


adh^ 1, 


I3k\l ,, 

a. = —(j - 1) 


(62) 


(63) 


Equations of motion for the case of one form corresponds to equation of motion 
for ansatz (0) and (|62D for the dual action ( |5D|) when a= (3 and q = s. This 
three-block p-branes solution for the Lagrangian with one differential form for various 
dimensions of the space-time was found in It contains previously known D=10 
case [|^ ||. 

Note that the metric (^) describes also the solution for the action with the form 
Fg+i replaced by its dual Fq+l with q + q + 2 = D and a —> d = —a. One can also 


change two forms F and G to their dual version without changing the metric (^8]). 
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Below we consider equations of motion for the action (EH). The energy-momentum 
tensor is for the theory with the action (^7]) has the form 


1 1 

TmN = 


3 


2q\ 

a-a(j> 




MMi...Mq-rN 


■ 3 M 1 ...M 5 


-(G 


The equation of motion for the antisymmetric helds are 

= 0 , 
= 0 , 

and one has the Bianchi identity 

e M2...Mq+2 — U- 

M\...Ms+ 2 Pj P* _ fl 

The equation of motion for the dilaton is 


^ AT — 


9mn 

^{q + iy 

Qmn 


G^) 


(64) 

(65) 

( 66 ) 

(67) 


dM{\P^g dup) + 


a 


/3 


2{q+l)\ 

= 0 . 




( 68 ) 


2 (s-l- 1 )! 

We shall solve equations (H), (|6^-(|68D by using the following Ansatz for the metric 

ds^ = , (69) 

where y, v = 0,...,q-l, rj^u is a flat Minkowski metric, 77,=!, 2, ...,r and 7 =1, ...,s -t- 2. 
Here A, B and G are functions on x. Non-vanishing components of the differential 
forms are 

F = dA (70) 

Q01...0.+1 ^ ■■>.+n3i^eX_ (71) 

V~9 

where h and k are constants. (/ii 7 )-components of the energy-momentum tensor for 
this ansatz have the form 
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(nm)-components are: 


Tnm = + 

^(aC')2e-“'^-2'^^+2C _ 


and (a/3)-components : 


Tap = ^[da(pdp(j) - ^Sapidcpf]- 

^^-aP-2qA+2C^Q^(jQ^(j _ ^(9^)2] 

-Y^^^B+P^+2x^daXdpX - ^(<9x)"], 

where we use notations (dAdB) = OaAdaB and D = q + r + s + 2 = d + s + 2. 

The equations of motion (|55D for a part of components of the antisymmetric held 
are identically satished and for the other part they are reduced to a simple equation: 

= 0 . ( 72 ) 

For a-components of the antisymmetric held we also have the Bianchi identity: 

= 0 ( 73 ) 

The equation of motion for the dilaton has the form 

<^^-aP-qA+qB+rF+2C^ q _ ( 74 ) 

In order to get rid of exponents in the above expressions for the energy-momentum 
tensor we impose the following relations: 



2x + 2sB QQ — 0, 

(75) 


2C - 2qA - = 0. 

(76) 

and we also have 

qA + rF -|- sB = 0. 

(77) 

Then the tensor Qmn 

(H) will have the form 



Q^lv = ^'>[-uh‘^{dCf - vk‘^{dxy], 

Qmn = 6rane^^^~^\th‘^{dCf - vk^{dxf] 
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Ga0 2 


- ^daCdpC - y9„x9/3X+ 


5^p[th^{dCf + wk‘^{dxf 


Here 


_1 q _1 q+r 

“ 2^^ D-2^' ^ 2 2{D-2) 


t = 


Q 


w = 


q + r 


(78) 

2 ( 0 - 2 )' '“^ 2 ( 0 - 2 ) 

The Einstein eqnations (||) nnder the conditions (|75D, (|76D and (^) are crncially sim¬ 
plified and take the form 

AH = uh‘^{dc)^ + vk'^{dxY (80) 

AF = —th^{dcY + vk‘^{dxY (81) 

-qd^AdpA - ^ VidaFidpFi + sd^BdpB- 

i 

h\ 


6^pAB = -'2^[d^CdpC - 2t6^p{dCf] 
^[daXdpX - ‘^w5c,p{dxf] + ]^dc 


Now eqnations 


(82) 

and (^) will have the following forms, respectively, 
da{e~^daC) = 0, da{e~^dax) = 0, (83) 


One rewrites 


as 


A0 + ^{daxf - ^{daCf = 0. 


AO = {dCY, Ax = {dxf 


Therefore (|8J) will have the form 


A 7 A A ^ r, 

A0 + ^Ay - — AO = 0. 


(84) 

(85) 

( 86 ) 


We solve 


and the 6ap part of (|8^) as 


f3k‘^ 


-C 


-X 


A = uh^C + 

F = —th‘^C -|- n/c^y, 
B = —th^C — wk‘^x-1 


(87) 

( 88 ) 

(89) 

(90) 
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( 91 ) 


Substituting these expresions into (0 we get a relation on a and (5 

2qs 


ajS = 


q + r + s 


and an expression for h 


h = ± 


4(g + r + s) 


\ a‘^{q + r + s) + 2q{s + r) ’ 


(92) 


Substituting these expresions into (0 we get the same relation on a and f3 as before 
as well as 

2«(9 + r + .) 


k = 


Y^s[ 2 a^(g + r)(g + r + s) + Aq^s] 


By straitforward calculations one can check that the non-diagonal part of the Ein¬ 
stein equation is also satished under above conditions. 

To summarize, the action (|47|) has the solution of the form (^51) expressed in terms 
of two harmonic functions Hi and H 2 if the parameters in the action are related by 
(1^) and the parameters in the Ansatz h and k are given by 


4.2 Examples 

There is the relation (^) between parameters a and (3 in the action (|47|) . As a re¬ 
sult the action corresponds to the bosonic part of a supergravity theory only in some 
dimensions. 

If D = 4 and q = d = 1 then one can take a = (3 = 1 and the action corresponds 
to the S'0(4) version of A^ = 4 supergravity. The solution (|^) takes the form 

ds^ = -Hi^H^^dyl + HiH2dx^dx^ (94) 


This supersymmetric solution has been obtained in ||^ . 
li a = f3 and q = d then one has the solution 


H2 ~^dz^dz^ + dx'^dx\ 

This solution was obtained in |^. It contains as a particular case for d 


(95) 
10, g = 2 


the known solution [17, 


ds^ = Hi-^H^-^{-dyl + dyi) + 


Hi H 2 ^ (^dzi dz2 T dz^ dz^-\~ 

H 1 H 2 {dxl + dxl + dx\ + dxl). (96) 

This solution has been used in the D-brane derivation of the black hole entropy §. 
Note however that the solution (P 6 |) corresponds to the action (E3) with the 3-form T 3 
and the 7-form G 7 . 
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5 Conclusion 


In conclusion, we have discribed multi-block p-brane solutions for high dimensional 
gravity interacting with matter. We have assumed the ’’electric” ansatz for the held 
and used ” no-force” conditions for local helds ( p!^ together with the harmonic gauge 
condition (Q) to reduce the system of differential equations to a system of non-linear 
algebraic equations. The found solutions support a picture in which an extremal p- 
brane can be viewed as a composite of ‘constituent’ branes, each of the latter possessing 
a corresponding charge. 
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